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On the Theory of Linear Dynamic System with 
Periodic Parameters* 
IMSONG LEE 
Information Studies Section, General Electric Research Laboratory, 
Schenectady, New York 
This paper presents an extension of the classical theory of Floquet 
to provide a unified treatment on the state transformation properties 
and stability of linear dynamic systems with continuous and piece- 
wise continuous periodic parameters. The linear dynamic system with 
periodic parameters i represented mathematically b  a linear dif- 
ferential equation with periodic coefficients. 
tt  is shown that the linear differential equation with periodic oeffi- 
cients can always be reduced to linear difference quations with 
constant coefficient matrices. The coefficient matrices of difference 
equations are all related to each other by similarity transformations. 
Consequently, it is sufficient to study any one of the difference qua- 
tions to determine stability of the original differential equation 
with periodic coefficients. The entire discussion is developed from 
the point of view of the state transformation which has been proven 
to be of great use in the study of dynamic systems. 
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I. INTRODUCTION 
The linear feedback systems with periodically time-varying parameters 
represent an important class of linear dynamic systems. This class of 
systems is described mathematically by a linear differential equation 
with periodic coefficients. 
±(t) = A(t)x(t) + b(t), to < t < 
(1) 
A(t + 1) = A(t), -~  < t < 
where x and b are n X 1 column vectors and A(t) is an n X n matrix 
whose elements are continuous functions of time ai/t) of normalized 
period 1. The period has been normalized to 1 as a matter of convenience. 
This equation, of course, represents not only the class of linear feed- 
back systems mentioned above, but also many important physical 
phenomena (Malkin, 1952). The basic properties of Eq. (1), i.e., the 
normal modes and characteristic frequencies etc. are readily obtained 
from the classical theory of Floquet (Cesari, 1959; Lefschetz, 1957; 
Coddington and Levinson, 1955; Floquet, 1883). 
There are many examples of modern engineering systems in which 
one or more system parameters may vary periodically but piecewise 
continuously. Recently the linear feedback systems containing product 
type pulse-modulators have been studied extensively by various special- 
ized techniques (Farmanfarma, 1958; Kalman and Bertram, 1959; 
Gilbert, 1959). 
This paper represents an attempt o treat the class of linear dynamic 
systems containing periodically varying but piecewise continuous ele- 
ments from a single, unified point of view. The periodically pulsed 
feedback systems, carrier-frequency serve systems and many carrier- 
type electronic dc feedback amplifiers all belong to this class. 
II. STATEMENT OF THE PROBLEM 
The linear dynamic system with periodically varying but pieeewise 
continuous parameters i represented by a linear differential equation 
with pieccwise continuous, periodic coefficients. The form of equation is 
the same as (1), but some of the elements aij(t) of matrix A(t) have a 
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finite number of discontinuities within the period, 0 =< t < 1. We wish 
to study the state transformation characteristics and stability properties 
of this system. 
It is desired in particular to properly extend the classical theory of 
Floquet so as to provide a satisfactory mathematical framework for 
study of the linear dynamic systems with periodic parameters from a 
unified point of view. 
Fortunately, it is possible to extend the conclusions of the classical 
Floquet theory to the above class of systems without elaborate modifi- 
cations. We shall first review briefly the important basic properties of 
the linear system with continuous periodic parameters and afterwards 
proceed to a discussion of the linear system with piecewise continuous 
periodic parameters. 
III. THE LINEAR SYSTEM WITH CONTINUOUS PERIODIC 
PARAMETERS: A REVIEW OF THE FLOQUET THEORY 
The solution of Eq. (1) is formally given by 
x(t) = q~(t, t0)x(to) A- q~(t, ~-)b(~-) dr (2) 
o 
where ¢)(t, ~-) is the fundamental matrix. It may be regarded as a 
generalized impulse response matrix and can be always factored into 
the form 
• (t, r) = 4~(t)~-l(r) (3) 
and 
®(t)  - ~( t ,  o) ,  ~(t ,  t) = ~. 
Although general properties of the fundamental matrix associated 
with the linear differential system with continuous periodic coefficients 
are well-known, they are usually not presented in a form most suitable 
to study of the dynamics of physical systems. The time history of a 
dynamic system is completely described by the laws governing the 
transformation of the state from the initial time to the final time. 
Consequently, we derive important basic properties of ~(t, r) from the 
concept of lh~ear transformation of the state. Since the structure and 
properties of 4~(t, r) are independent of the driving force, we set b(t) = 
0 in (1). 
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~(t)  = A( t )x ( t ) ,  to <= t < 
A( t -k -  1) = A( t )  or (4) 
A( t  -t- k) -- A ( t ) ,  k = O, 1, 2, . . .  
(a) The solution of (4) is 
x(t) = ~I,(t, t0)x(t0), t > to (5) 
and ~(t, to) represents the transformation of the initial state x(t0) to 
the new state x(t). However, due to the periodicity of A( t ) ,  the trans- 
formation must be also of periodic character. This property may be 
illustrated with the aid of a graphical representation in Fig. 1. 
The periodicity of the fundamental matrix ~(t) is readily derived 
from Eqs. (4) and (5). I t  is analytically expressed by 
~(k+~,k)=~(~,0)=~(~) ,  0<~<1,k=0,1 ,2 , . . .  (6) 
or  
x(k + ,) = ~(k + ,, k)x(k) = ~,(,)x(k). 
The significance of this equation is that the fundamental matrix ~I)(t) is 
known for all t > 0, if it is known over a period 0 < t < 1. 
(b) If we set ~- = 1 in (6), we obtain 
x(k + 1) = ~(1)x(k)  - cx(k) (7) 
where ~(k d- 1, k) = ~(1) --- C: a constant, nonsingular matrix. We 
have thus reduced the differential equation with periodic coefficients 
(4) to a difference quation with constant coefficients. This is an ex- 
tremely important fact. 
(e) Next we derive the matrix difference quation satisfied by O(t). 
Any positive real number t may be represented by t = k + r where 
0 -< r < 1, k = 0, 1, 2, . . -  . Consequently, we have 
x(t + 1) = x(k +,  + 1) = ~(k + ~)x(1) = ~(t)Cx(O) 
(s) 
= ,I,(t q- 1)x(0) 
~(T)  ¢(T) 
- -  x ik )  ~ : ~ : : ~ T IME x(k+~) x(k+l) x(k+l+s) x(k+2) 
FIG. 1. A graphical representation of the periodic transformation of the state. 
Given an initial state x(k), a subsequent slate is x(k + r) = ~(r)x(k) for k = 
0 ,1 ,2 , - - . .  
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and 
{(t  4- 1) = ~(t)C; q~(0) = I, t > 0. 
(d) The equation (7) represents the transformation of the state for 
a particular sequence of "sampling time," t = 0, 1, 2, 3, . . . .  For a 
general choice of "sampling time," the equation becomes 
x(k+T+l )  =~(k+T+l ,k+~)x(k+~)  
(9) 
= C(r)x(k 4- r) ;  0 _-__ r -__ 1 
and this may be illustrated graphically as shown in Fig. 2. 
I t  is clear from Fig. 2 and Eqs. (8) and (9) that C and C(r) are 
related by the similarity transformation 
C(r) = ~(~)C~-~(r). (10) 
Consequently, a difference equation derived from the differential 
equation with periodic coefficients (4) is not unique, but C and C(r) 
have the same eigenvalues because of Eq. (10). Therefore, it is sufficient 
to examine Eq. (7) for stability of the system. 
(e) It  was first shown by Floquet that the analytic form of the funda- 
mental matrix is 
q~(t) = P(t) exp Bt, P(t 4- 1) = P(t) and continuous. (11) 
It  follows from this, 
C = expB(or :  expBT i fA( t4 -  T) = A(t))  (12) 
where B is an n × n constant matrix. 
If we denote the eigenvalues of B and C by ¢~ and "r respectively, then 
they are related by 
7i = e ~i+s2k~ lc = 0,1,2, . . . , i  < n ; j  2 = --1 (13) 
or,  
~// = e ~T+s2~ka ff A(t  4- T) = A(t) and£ = 27r/T. 
C (-r) 
" "- -" " "~ "= ~-T IME 
x(k] ' - . . . . ,  x (kmr)  "" 
_ / I "  _x {k+l}  x (k+l+' r}  
C 
FIG. 2. A representation f the similarity transformation, C@) = q)(r)Cq~-l(r) 
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It  is clear from Eqs. ( 11 ), (12), and (13) that the differential equation 
(4) is asymptotically stable if, and only if, the eigenvalues of C all lie 
within the unit circle, i.e., ] ~,~ [ < 1 which is equivalent to the statement, 
Re ~ < 0. This is also the necessary and sufficient condition for x(t) to 
be bounded for all t ~ to, given that b (t) is bounded in Eq. (2). 
(f) Calculation of the characteristic roots ~ has been a difficult 
problem for a long time. Today, however, it is possible to compute the 
matrix C and its eigenvalues to any desired degree of accuracy by ma- 
chine computation. The matrix C = ¢(1) is obtained by integrating the 
matrix differential equation associated with (4) over a period. 
q~(t) = A(t)q~(t), ~(0)  = I, 0 <= t <= 1 
(14) 
A( t  + 1) = A( t ) .  
IV. THE LINEAR SYSTEM WITH PIECEWISE CONTINUOUS 
PERIODIC PARAMETERS: AN EXTENSION OF THE 
FLOQUET THEORY (Lee, 1962, pp. 25) 
This class of dynamic systems may be defined by the following set of 
equations: 
~(t) = A( t )x ( t ) ;  t > O, t ~ k + r~ 
A( t  d- 1) = A( t )  (15) 
A ( t ) = A d t ) , I~ + -q _l + =< t =< k + vi- 
i=  1,2,  " "  m, k = O, 1, 2, . . .  
where 
Ti -~  Ti-- 
d- 
Ti = 1, r0 = 0 and r~ = 1; - -  T i __  1 , 
i=1 
and the boundary conditions 
x(~ + + ~) = S~x(~( + k) (16) 
where S~ are constant, nonsingular n X n matrices. If the solution x(t) 
is continuous despite the discontinuities of A( t ) ,  then S~ = I, i = 
1, 2, . . -  m. 
It should be clearly understood that x(t) is not necessarily discontinu- 
ous (Inee, 1956) and it is always possible, at least in principle, to choose 
the state variables o as to be continuous everywhere in a given interval. 
For instance, if we choose the stored charges and flux linkages as the 
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state variables in electrical systems, then the basic conservation laws 
require that they be continuous with respect o time in a given interval. 
Normally the boundary conditions are given or derived from the con- 
straint and conservation laws applicable to the physical systems under 
investigation. 
(a) The solution of (15) plus (16) may be written as 
x(t) = ~(t, k+)x(k+), t ~ k 4- r l ,  t > k 
(17) 
k = 0, 1, 2, ". .  ; i=  1,2, .-- m. 
Because of the periodicity of A(t) ,  we obtain the matrix difference 
equation 
• (t 4- 1, k +) = ~(t, k+)C (lS) 
and the vector difference quation 
x(k + 1 +) = Cx(k+). (19) 
(b) The effect of discontinuity on the transformation characteristics 
may be "visualized" again by means of a graphical sketch in Fig. 3. 
One can write down the matrix C from Fig. 3 by inspection. 
C S~(rm- ,  + - + Tm--1)~m--l~(Tm--1 k~l~)(T1 -, 0 +) = , rm-2)  - -  (20)  
(c) In order to compute C, we need to solve the set of matrix differ- 
ential equations associated with (15) and (16). 
32(t) = A(t )~(t ) ,  ¢(0 +) = I, 0 + =< t =< 1 + 
(21) 
A(t)  = A~(t) r~ < t < ri-1; i = 1, 2, . . .m 
and the boundary conditions may be obtained from (16) or Fig. 3. 
q)(r~ +) = Siq)(r,-) i = 1, 2, .-- m (22) 
It  is clear from Eq. (18), C = {(1 +, 0 +) = {(1+). 
(d) The analytical form of the fundamental matrix ~(t) is the same 
as shown by (11) in the classical Floquet heory, but the periodic matrix 
P(t)  is no longer continuous in this case. 
/ ¢(r '  "0+) ~(Tz+,h -) - - - ,  { ( r ( ,  0+) 
/ 
x(o) St Sz x(I) 
TIME 
FIG. 3. A piecewise continuous periodic transformation f the state 
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and 
• (t) = P(t) exp Bt t > 0 
(23) 
P(t + 1) = P(t),  P(0 +) = I 
P(r~ + A- It) = SiP('r~- -1- k) 
(24) 
k = 0, 1,2, . . -  ; i = 1,2, .." m. 
The discontinuities in @(t) are transferred to the periodic matrix P(t) 
since exp Bt is a continuous matrix. 
Fourier expansion of P(t) may be expressed in a form, P(t) = 
E~ F) e jnt . . . .  u~ where Q~ is an n X n matrix with complex elements. 
Consequently the Fourier spectrum of 4~(t) contains in general all the 
harmonics of the fundamental frequency of the periodic parameters. In 
some cases, however, P(t)  is expressed by a finite sum instead of an 
infinite sum. 
(e) One caa derive the same stability criterion for the linear system 
with piecewise continuous periodic coefficients as for the classical case. 
We consider Eq. (15) with a finite forcing term, 
i~(t) = A(t)x(t)  -t- b(t), 0 _-< t < ~ (25) 
where 
Hb(t)lt _-< b0for t => 0 
with the same boundary conditions as given by Eq. (16). Now we state 
the following theorem as an extension of the classical Floquet theory. 
T~EOREM. The solution x(t) of Eq. (25) is bounded for all t >= 0 if, 
and only if, all the eigenvalues of the discrete transformation matrix C as 
given by (20) lie within the unit circle. 
Pnoo~: It follows from (18) and (23) that C = exp B. Consequently 
the eigenvalues of B all have the negative real parts, by virtue of Eq. 
(13). The solution of (25) is 
x(t) = ~(t) x(0) -b ~)(t) 4~-1(T) b(r )  dr 
(26) 
= IP ( t )expBt  I x (0 )+fo  t P ( t ) [exp  B(t - - r )  1 P - l ( r )  b ( r )dr  
and it is clear that x(t) is bounded if all the eigenvMues of B have 
negative real parts, since P(t) and P-~(t) are periodic and bounded. 
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(f) Finally we consider a linear system with piecewise constant periodic 
coefficients as a special example. We study a generalized Hill-Meissner 
equation (Meissner, 1918; Pipes, 1953) which is defined by the following: 
i~(t) = A( t )x( t ) ,  0 < t < 
A(t)  = A,  (27) 
A(t)  = A2 
k<t<kq-½ 
k+½<t</~q-1  
k = 0,1,2, . . .  
x(k + }+) = &x(l~ + 1-) 
(28) 
x(k +) = &x(k-). 
The solution x(t) is given by 
x(t) = ¢(t, k+)x(k +) t => k + (29) 
and the difference quation is 
x(k -{- 1 +) = ~(k q- 1 +,/c+)x(k +) = ~(l+)x(/c +) 
= Cx(k+) (30) 
where the matrix C is obtained from (20), (27), and (28). 
C = $2 exp A~(½)St exp AI(½) (31) 
For a different sequence of sample points, we obtain 
x (k+ 1+~)  = C(~)x(k+~)  k=0,1 ,2 , . . .  (32) 
and 
C(}) = exp AI(})C exp A~(-}).  (33) 
These results are recognized as special cases of Eqs. (9) and (10) for 
the value of r = ~. 
The following numerical example shows an interesting case. Let the 
matrices A1, A2, & ,  and $2 be given as 
10] El: o] 
& = $2 = I 
The system is switching periodically between the two sets of parameters 
represented by A~ and A2. An analogue simulation of this example 
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x2(t) x 
f( ,(t) 
m~(t)~_~] 
I o 
m2(l) lO
rnl(t) 
I 1 I I 
I 1 ! 2 2 
I I I I  I ~t  I I± 2 
2 
FIG. 4. Analogue simulation diagram 
may take the form shown in Fig. 4. A1 and As have the same eigen- 
values, namely, X1 = -2  and X~ - =4. Consequently, each dynamic 
system represented by x(t) = AlX(t) and x(t) = A2x(t) is stable. But 
the resultant, periodically time-varying system is shown to be unstable. 
= ~ ~<~> ~x, ~<~)= ~.~LI~ 0 ~/L0 ~, 1.16 1 C . 0.136 0. 136J 
1.364_]" 
The characteristic roots of this matrix are zl = 1.496 and z~ = 0.004. 
Since I zl[ > 1, the system is unstable, i.e., the solution becomes un- 
bounded as time approaches infinity. 
V. CONCLUSIONS 
It has been shown that the extended Floquet theory provides a 
unified analytical method for study of linear dynamic systems with 
periodically time-varying parameters. For the special subclass of linear 
systems with piecewise constant periodic oefficients, it is not necessary 
to formally apply the full-powers of the extended Floquet theory to 
obtain the equations (30) and (31). However, it is more satisfying to 
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treat the linear systems with continuous and piecewise continuous 
periodic parameters from a consistent, single point of view. 
The application of this theory to stabilization of a certain class of 
linear feedback systems and adjustment of the design parameters will 
be published elsewhere. 
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